
20

Algorithm 917: Complex Double-Precision Evaluation
of the Wright ω Function

PIERS W. LAWRENCE, ROBERT M. CORLESS, and DAVID J. JEFFREY,
The University of Western Ontario

This article describes an efficient and robust algorithm and implementation for the evaluation of the
Wright ω function in IEEE double precision arithmetic over the complex plane.

Categories and Subject Descriptors: G.1.2 [Numerical Analysis]: Approximation—Special function
approximations; G.1.5 [Numerical Analysis]: Roots of Nonlinear Equations—Error analysis, iterative
methods

General Terms: Algorithms, Design

Additional Key Words and Phrases: Wright omega function, double-precision evaluation over C

ACM Reference Format:
Lawrence, P. W., Corless, R. M., and Jeffrey, D. J. 2012. Algorithm 917: Complex double-precision evaluation
of the Wright ω function. ACM Trans. Math. Softw. 38, 3, Article 20 (April 2012), 17 pages.
DOI = 10.1145/2168773.2168779 http://doi.acm.org/10.1145/2168773.2168779

1. INTRODUCTION

The Wright ω function was studied implicitly, without being named, by Wright [1959],
and named and defined by Corless and Jeffrey [2002]. Although the function has
been incorporated into the MAPLE system and is indirectly available in other systems
(through the Lambert W function), there has been no development of an algorithm for
floating-point evaluation. Here we describe an efficient algorithm, and implementa-
tion in C for the IEEE double-precision evaluation of Wright ω over the complex plane.
We discuss the conditioning of the evaluation, including a novel discussion of the sep-
arate conditioning of the real and imaginary parts of the function and the efficiency of
different iterative schemes.

Wright ω can be thought of informally as the solution for complex z of the algebraic
equation

ω + ln ω = z . (1)

A more direct definition can be given in terms of the Lambert W function [Corless et al.
1996] by

ω (z) = WK(z)
(
ez) . (2)
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Here K(z) =
⌈
(Im(z) − π )/(2π )

⌉
is the unwinding number of z [Corless and Jeffrey

1996], which corrects for the fact that ln ez does not simplify to z when ln z stands for
the principal branch of the logarithm of z [Corless et al. 2000]. Throughout this article,
as indeed throughout computational mathematics nowadays, ln z, always denotes the
principal branch only.

Wright ω is of interest for many reasons. In applications, many problems soluble
in terms of Lambert W have solutions in terms of the composition W(ez), and so are
better expressed using ω. Further, ω is single valued, whereas Lambert W is multi-
valued, and thus the complications of branches are avoided. From a numerical point
of view, the floating-point computation of W(ez) suffers from unnecessary overflow. For
large Re z, Lambert W behaves like ln z, meaning that the argument ez can overflow
and prevent the accurate computation of ω(z) ∼ z. Additionally, both the unwinding
number K(z) and the Lambert W function are discontinuous on their branch cuts, but
(except in two cases) these discontinuities cancel out for Wright ω. Computation of a
continuous function via discontinuous functions is a dubious numerical strategy. For
these reasons, we describe a direct method here, meaning one that avoids any compu-
tation of Lambert W.

We recall some properties of Wright ω noted by Corless and Jeffrey [2002]. Wright ω
is single valued but discontinuous along two straight lines in C described parametri-
cally by zt = t+ iπ and its conjugate ref lection zt = t− iπ for t ≤ −1. The discontinuities
arise because if z lies on one of the lines, then ω is real and negative, implying that the
term ln ω in (1) will be discontinuous, because of the branch cut of logarithm. Alterna-
tively, the lines are images under the mapping z �→ ez of the branch cut of Lambert W,
with the end points zs = −1 ± iπ being images of the Lambert W branch point.1 The
values of Wright ω on the lines of discontinuity are chosen so that the function is con-
tinuous from below the lines, that is, ω(t ± iπ ) = limε→0 ω(t ± iπ − iε). The lines of
discontinuity are shown in Figure 1 and their images are shown in Figure 2.

Below, we shall need the derivative of Wright ω :

dω

dz
=

ω

1 + ω
. (3)

In Table I, special values for ω are given. Values of z giving real values to ω are given
first, followed by some complex values.

The aim of this article is to describe a general-purpose IEEE double precision rou-
tine to calculate the value of ω over the complex plane. We do not aim for a correctly
rounded implementation [de Dinechin et al. 2007; Defour et al. 2004], which we ac-
knowledge would be better, but rather only a reliable routine that gives uniformly
small error for all possible valid complex floating-point input, and to return useful
information in NaN form otherwise.

To this end, we deploy and test several iterative schemes, which improve initial ap-
proximations to ω obtained by series approximations and rational approximations over
the various regions of the complex plane. This article looks at three different iterative
schemes: Newton’s method, Halley’s method, and a fourth-order scheme similar to one
used by Fritsch et al. [1973] for the Lambert W function.

1In the earlier publication [Corless and Jeffrey 2002], the line t + πi, t ≤ −1 was called ‘the doubling line’.
This terminology is a fossil from an earlier definition of the function, based on (1), and it is better replaced
by ‘line of discontinuity’. Likewise, the endpoints have been called branch points, but simply calling them
singular points is clearer, because Wright ω is single valued.
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Fig. 1. The lines of discontinuity in the z plane and their images under z �→ ω(z). The vertical hatching
shows that the value of ω on the lines is defined by taking the limit from below. The images of the lines in
the ω plane cover the negative real axis, the branch cut of logarithm. The singular points at the ends of the
lines of discontinuity, labeled b , c, f , g, all map to ω = −1.

Fig. 2. This plot shows the images of vertical and horizontal lines under the map z → ω(z). Two singular
points are evident in the plot, at ω = −1 and ω = 0. The point ω = −1 corresponds to the points z = −1 ± π ,
labelled b , c, f, g in figure 1, and the square-root nature of the singularity is evident. The point ω = 0
corresponds to z = −∞ + it, where −π < t ≤ π , labeled d, e in Figure 1.

2. CONDITIONING OF THE WRIGHT ω FUNCTION

Before considering computational schemes, we establish the conditioning of the eval-
uation problem in the complex plane, in order to highlight regions of difficulty requir-
ing special treatment. Function evaluation, as a numerical problem, focuses on the
forward error, but precisely how the forward error is measured remains a matter of
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Table I. Special Values of ω(z)

z ω(z)
−∞ 0

0 W0(1) = 0.56714 . . .

1 1
1 + e e

−1 + iπ −1
−1 − iπ −1

−2 + ln 2 + iπ W0
(−2e−2)

= −0.40638 . . .

−2 + ln 2 − iπ W−1
(−2e−2)

= −2

i
(
1 + 1

2 π
)

i

iπ W0(−1) = −0.31813 + 1.3372 i
1 + i 0.93721 + 0.50542 i

choice. If ωe is an approximation to an exact complex value ω, then one can require
|ω − ωe|/|ω| to be less than a small multiple of machine epsilon, or one can require
the more stringent conditions that | Re(ω − ωe)|/| Re(ω)| and | Im(ω − ωe)|/| Im(ω)| be
each less than a small multiple of machine epsilon. Here we use the first measure of
accuracy, although we check the condition numbers for the real and imaginary parts
also.

We begin by noting that along the lines of discontinuity the Wright ω function is
infinitely ill-conditioned. If z is on one of these lines, then an arbitrarily small pertur-
bation of z in the positive imaginary direction will cause it to leave the line, causing a
nonzero jump in the value of ω(z). We discuss the discontinuity separately in a later
section.

Everywhere else, the condition number C of ω(z) is, as usual, obtained from the
linear approximation to the relative change in ω(z) caused by a change �z in z. Thus

C ≈ zω′(z)
ω(z)

=
z

1 + ω(z)
, (4)

where (3) has been used to find the derivative.
This goes to infinity at the singular points z = −1 ± iπ , and it goes to infinity with

z if Re z < −1 and −π < Im z ≤ π because ω(z) → 0 in that strip as Re z → −∞,
but is otherwise well-behaved, being asymptotic to 1 for large z outside the region just
mentioned. In Figure 3, the contours where |C| = constant are drawn.

2.1 Conditioning of the Real and Imaginary Parts Separately

If one chooses to treat the real and imaginary parts of ω separately, then we must have
a matrix of condition numbers, as we now show. We consider the effects of separate
changes in the real and imaginary parts of z on the real and imaginary parts of ω(z).
We write z = x + iy and ω(z) = u + iv. We have, away from the lines of discontinuity
x ≤ −1, y = ±π ,

x = u +
1
2

ln(u2 + v2) (5)

y = v + arctan(v, u) (6)
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Fig. 3. Conditioning of Wright ω. The numbered regions have condition numbers |C| less than 1.0 in re-
gion 1, 1.12 in region 2, 1.25 in region 3, 1.41 in region 4, 1.76 in region 5, 10.8 in region 8, and 100 in
region 9. The dashed line marks the pre-image of the imaginary axis, which is where the real part of ω(z)
is infinitely ill-conditioned, although (as we see from the regions it passes through) as a complex function
ω(z) is quite well-conditioned there. The only region of true complex ill-conditioning aside from the discon-
tinuities z = t± iπ for t ≤ −1 is between the discontinuities for large negative x = Re(z), where the condition
number grows like |x|. The condition number also goes to infinity like the square root of the distance to the
singularities at −1 ± iπ .

A short computation shows that2[
�u/u
�v/v

]
= C

[
�x/x
�y/y

]
(7)

where
(
(1 + u)2 + v2

)
C =⎡

⎣
(
u + u2 + v2

) (
ln

(
u2 + v2

)
/2 + u

)
/u −v (arctan (v, u) + v)/u

ln
(
u2 + v2

)
/2 + u

(
u + u2 + v2

)
(arctan (v, u) + v)/v

⎤
⎦ . (8)

Of course, C is infinite at the singular points, where u = −1 and v = 0. Inspection of
the entries of C also shows that there are two sets of curves where the magnitude of
an entry of C goes to infinity: first, when u → 0, both C11 and C12 have terms that go
to infinity:

C11 =
(

v2 log |v|
1 + v2

)
u−1 + O(1) (9)

2For example, using (3) or the Cauchy–Riemann equations.
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and

C12 =
(

v(π + 2|v|)
2(1 + v2)

)
u−1 + O(1). (10)

Second, when v → 0, we see that C22 has a term that goes to infinity if u < 0:

C22 =
πu

1 + u
v−1 + O(1) (11)

We are therefore interested in the curves in the z-plane whose images have u = 0.
Letting u → 0 in Eq. (5), we see that x = ln |v|. Letting u → 0 in Eq. (6) is a bit more
difficult: the arctangent goes to π/2 if v > 0, and to −π/2 if v < 0. In the first case,
y = v + π/2 > π/2 (because v > 0) and, in the second case, y = v − π/2 < −π/2 (because
v < 0).

Thus, we can say that the (nearly zero) real part u of ω(z) is relatively ill-conditioned
near to the curves (x, y) = (ln |v|, v ± π/2). We can also say, letting v → 0 while keeping
u fixed nonzero, that the imaginary part of ω(z) is relatively ill-conditioned near to the
curves (x, y) = (u+ln(−u),±π ). But these are just the lines of discontinuity of Wright ω,
because if u < 0 then u + ln(−u) < −1.

Finally, for large z = x + iy, we have ω(z) ∼ z also being large, and in that case
entries of C can grow large with (v2 ln v)/u for fixed u, or u2/v for fixed v. At the very
least, C contains a term that grows linearly with u. This amount of ill-conditioning is
not too much worse than that of the exponential function (which has Cexp ∼ z). For
Wright ω, there are regions in C where it cannot be true that both the real part u and
the imaginary part v are relatively accurate for all large z, even though the complex
value u + iv can be accurate (because the complex condition number is asymptotic to 1
for large z). (See Figure 3.)

The conclusions of this section hold no matter which scheme is used to compute the
Wright ω function.

3. ITERATION SCHEMES AWAY FROM THE LINES OF DISCONTINUITY

The iterative schemes we use are special cases of Schröder iteration [Schröder 1870;
Stewart 1993]. Because we consider only one specific function, we can specialize the
general scheme and establish properties that are important for efficient evaluation of
the function. In fact, the properties of Wright ω allow us to obtain explicit arbitrary or-
der iteration formulae directly, bypassing the general approach, by using the following
generic parameterized series for Wright ω[Corless and Jeffrey 2002] :

ω(v + ln v + p) = v +
∑
n≥1

qn(v)
(1 + v)2n−1

pn

n!
, (12)

where, for n ≥ 1,

qn(v) =
n−1∑
k=0

(−1)k
〈〈
n − 1

k

〉〉
vk+1 , (13)

and
〈〈n
k

〉〉
denotes second-order Eulerian numbers [Graham et al. 1994]. Given an ap-

proximation ωk, we define the residual rk by

rk = z − ωk − ln ωk , (14)

and substitute v = ωk and p = rk into (12). We thus obtain the general iterative law

ωk+1 = ωk +
N∑

n=1

qn(ωk)
(1 + ωk)2n−1

rn
k

n!
. (15)
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We investigated the performance of iterative schemes based on the cases N = 1, 2, 3,
namely,

(1) Newton’s method, N = 1:
ωk+1 = ωk

(
1 − rk

1+ωk

)
;

(2) Chebyshev’s method [Ezquerro and Hernández 2009], N = 2 :
ωk+1 = ωk

(
1 + rk

1+ωk
+ r2

k
2(1+ωk)3

)
;

(3) Halley’s method, N = 2, and rational approximation:
ωk+1 = ωk

(
1 + (1+ωk)rk

(1+ωk)2−rk/2

)
; and

(4) FSC-type method [Fritsch et al. 1973], N = 3, and rational approximation:
ωk+1 = ωk

(
1 + rk

(1+ωk)
(1+ωk)(1+ωk+2rk/3)−rk/2
(1+ωk)(1+ωk+2rk/3)−rk

)
.

For each of the methods the ultimate residual (the backward error) is estimated by the
term n = N + 1 in (15). Our goal is to obtain a value for ω accurate to double precision,
and so our code terminates iteration when the predicted size of the (complex) forward
error ω − ωk+1 of the current estimate ωk+1, which is approximately the condition
number z/(1 + ωk+1) times the residual rk+1, is smaller than machine epsilon. The
residuals are

(1) Newton

rk+1 =
1

2(1 + ωk)2 r2
k + O(r3

k) (16)

(2) Chebyshev

rk+1 =
−1 + 2ωk

6(1 + ωk)4 r3
k + O(r4

k) (17)

(3) Halley

rk+1 = − 1 + 4ωk

12(1 + ωk)4 r3
k + O(r4

k) (18)

(4) Fritsch, Shafer and Crowley (FSC)

rk+1 =
2ω2

k − 8ωk − 1
72(1 + ωk)6 r4

k + O(r5
k) (19)

Because Halley’s method has the same order as Chebyshev’s method, and can be
carried out with one less floating-point division, we concentrate on Halley’s method
from now on. It should be noted that although the computation of the residual
requires a logarithm, the residual can be estimated without computing a logarithm.
Thus, the test for the termination of the iteration is not costly.

3.1 Order of Accuracy and Choice of Iteration

For an initial estimate accurate to d0 bits, elementary counting of the accuracy gained
after one iteration of an nth order method allows us to say that starting with d0 = 4 bits
of accuracy and doing two 4th-order iterations can be expected to achieve full double
precision accuracy (53 bits); starting with 8 bits of accuracy and doing one 7th-order
iteration gets, again, full double precision accuracy, and similarly for other options. To
succeed with one 4th-order iteration requires starting with 14 bits of accuracy.

Strictly speaking, the coefficients in the residual equations (16)–(19) need to be
taken into account. However, it is easy to see (e.g., by contour plots) that outside
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of small regions near the singularities at z = −1± iπ these constants are bounded by 1.
Near the singularities, of course, the iterative schemes have their accuracy degraded,
asymptotically losing an order as z approaches the singularity. However, our initial
guesses will (as we shall see) increase in accuracy in order to compensate.

3.2 Numerically Difficult Points

To compute the residual for each iteration, we must compute ln wk(z). The real log-
arithm function is ill-conditioned when its arguments are near 1, and the complex
logarithm has a separate “real-and-imaginary-part” conditioning problem any time z
approaches the unit circle; of course it is ill-conditioned at z = 1 in the complex sense,
too. So, we expect trouble if at any time wk ≈ 1. However, in practice, we shall
see greater difficulty near the singularities z = −1 ± iπ and along the discontinuities
z = t ± iπ for t < −1.

4. INITIAL APPROXIMATIONS AWAY FROM THE DISCONTINUITIES

The initial approximations w0 used in this article are all derived from series approx-
imations to the Wright ω function. These series can be found in Corless and Jeffrey
[2002]. Initial approximations can be of any desired degree of accuracy, if we wish to
pay the cost of doing so. High-order initial approximations are potentially subject to
more serious rounding errors than the iterative formulas, though. Because each iter-
ation formula requires computation of a residual, and hence a call to the logarithm
function, the cost of an iteration will usually be equivalent to a series or other for-
mula with several flops, say on the order of 10 flops. Thus, an initial approximation
containing about 5 or 6 terms seems equivalent in cost to the cost of one iteration.

Most of the initial approximations given below can be thought of as the result of
(say) a 5th-order iterative method applied to a very crude initial guess. This will be
taken up at the end of the section.

4.1 Series at the Singularities

The Wright ω function has singularities at z = −1±iπ . About these points the Wright ω
function has the following series.

Near z = −1 + iπ , the series is written in terms of an expansion variable p.

p =
√

2(z + 1 − iπ ) , (20)

ω = −1 + ip +
1
3

p2 − i
36

p3 +
1

270
p4 +

i
4320

p5 + · · · . (21)

Near z = −1 − iπ , a similar series applies.

p =
√

2(z + 1 + iπ ) , (22)

ω = −1 − ip +
1
3

p2 +
i

36
p3 +

1
270

p4 − i
4320

p5 + · · · . (23)

4.2 Series about −∞ for zzz between the Lines of Discontinuity

For | exp (z)| < exp (−1), we have the series, derived from the Taylor series for the
Lambert W function about z = 0,

ω(z) =
∑
n≥1

(−n)n−1

n!
enz = ez − e2z + 3

2 e3z − 8
3 e4z + 125

24 e5z · · · . (24)
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4.3 Series about ∞
The series is

ω(z) = z − ln z +
ln z

z
+

ln z
z2

( 1
2 ln z − 1

)
+

ln z
z3

( 1
3 ln2 z − 3

2 ln z + 1
) · · · . (25)

4.4 Negative Log Series

Just above and just below the lines of discontinuity, the asymptotic series is adequate,
but we can do better by considering the following “negative logarithm series”, which is
discussed in part in Ding [2009]. Analysis of the behavior along z = t ± iπ as t → −∞
suggests that we consider

t =

{
z − iπ if Im(z) > 0 & Re(z) < −1
z + iπ if Im(z) ≤ 0 & Re(z) < −1

(26)

and since ω(z) is real along the bottom line of discontinuity it must be true that ω(z) ∼ t
as t → −∞ there, more closely than ω(z) ∼ z. So let us take v0 = t in (15). This forces
p0 = iπ − ln(t), and careful consideration shows that this can be replaced by ln(−t) in
both cases of (26) (special care must be taken exactly when t < −1). Using this in (12)
gives as the first few terms for v1:

ω(z) ∼ t − t ln(−t)
t + 1

+
t ln2(−t)
2(t + 1)3 +

t (2t − 1) ln3(−t)
6(t + 1)5 (27)

+
t
(
6t2 − 8t + 1

)
ln4(−t)

24(t + 1)7 +
t
(
24t3 − 58t2 + 22t − 1

)
ln5(−t)

120(t + 1)9 + · · · ,

which can be rearranged to get

ω(z) ∼ t− ln(−t)+
ln(−t)

t
+

ln(−t)
t2

( 1
2 ln(−t)−1

)
+

ln(−t)
t3

( 1
3 ln2(−t)− 3

2 ln(−t)+1
) · · · . (28)

It is curious to note that this is (25), with ln z replaced by ln(−t) and z replaced by t.
The different errors in these series, taken along the line of discontinuity, are presented
in Figure 4. While each series is adequate, the series (28) is about 100 times more ac-
curate than (25) for about the same amount of work, when z is outside but near the
lines of discontinuity (and has large negative real part). Note that computation of t
from z does not require careful assessment and correct setting of the rounding modes
when near the discontinuities, because the resulting formula is continuous across
t < −1, even though we have jumped the gap between the discontinuities. This will be
taken up further in Section 6. However, it might have been necessary here to fix up
the sign of the imaginary part of the result, if we computed too near the discontinuity;
we must always have Im ω(z) > 0 if Im(z) > π , and Im ω(z) ≤ 0 if Im(z) ≤ −π .

4.5 Series about Regular Points

Because the derivative of Wright ω is so simple, the Taylor series about a regular
point is easy to compute and indeed the general term, containing 2nd-order Eulerian
numbers as in (12), is known for the expansion about z = 1. We only need the first few
terms:

ω(z) ≈ 1 + 1
2 (z − 1) + 1

16 (z − 1)2 − 1
192 (z − 1)3 − 1

3072 (z − 1)4 + 13
61440 (z − 1)5. (29)

This could, if we chose, be turned into a continued fraction or Padé approximant, but
the series is simple enough.
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Fig. 4. Comparison of errors in the series (25), (27), and (28). The solid line gives the asymptotic series
error (25), while the dashed line gives the negative-log series (27) and the dot-dash line gives the rearranged
series (28).

As a side benefit of using z = 1 as the expansion point, we may avoid difficult resid-
ual computations for z truly near to 1 by simply returning the series result, without
computing a residual. In practice, this is not a problem.

4.6 High-Order Initial Approximation, or Crude Initial Guess plus a High-Order Method Step?

Consider the general iterative law (15) with, as an example, a crude initial approxi-
mation ω0 = 1 for z ≈ 1. Thus r0 = z − 1 − ln 1 = z − 1. Using N = 5 in (15), we find
exactly (29). Similarly, the negative log series and the asymptotic series are derived
from rearrangements of (15) applied with initial estimates t and z, respectively. Using
the initial estimate ω0 = exp z makes r0 = z − ω0 − ln ω0 = − exp(z) provided K(z) = 0,
which it is if −π < Im(z) ≤ π , which gives the curious series

ez − (ez)2

1 + ez + 1/2
(ez)3

(1 + ez)3 + 1/6
(ez)4 (−1 + 2 ez)

(1 + ez)5 + · · · . (30)

A series expansion of this, for small exp(z), gets us exactly to (24).
Similarly, although this is more awkward, take ω0 = −1 + s where s is the correct

square root term near the branch cut, and define r0 = z − ω0 − ln ω0. Using these and
then taking a series expansion of (15) gives us the branch point series. Hence, it can
be said that in some sense all of our initial approximations could be replaced by even
simpler ones, at the equivalent cost of one more iteration of a high-order formula.
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5. REGIONS OF APPROXIMATION

Because the condition number of Wright ω function is singular at −∞ between the
lines of discontinuity, we shall need a special initial approximation for that range. Be-
cause the function is ill-conditioned at the singularities −1± iπ we shall need a special
initial approximation there, and because the function has yet another behaviour at
z = ∞ outside the lines of discontinuity, we need another initial approximation there.
All of these regions named so far need either a logarithm, an exponential, or a square
root (as we saw above in the series). Any other regular region that we need can be
started using only Taylor series or rational approximations, and thus will be cheaper:
we are therefore not motivated to remove such regions, because we cannot remove the
costlier regions. From the series in the previous section, we must decide how to split
up the whole complex plane and use the appropriate series and number of terms on
that region.

To that end, we have plotted curves in C where the absolute error in the various
initial approximations equals 2−4, supplying four bits of accuracy. Tighter or looser
error curves look similar. These curves were found by numerical parametrization of
the locations v0(z(θ )) − ω(z(θ )) = r exp(iθ )ω(z(θ )) for r = 2−4. One can do this even
without having a way to evaluate ω(z) because (away from the lines of discontinuity)
this equation means that

z(θ ) − v0(z(θ ))
1 + r exp(iθ )

− ln
(

v0(z(θ ))
1 + r exp(iθ )

)
= 0 , (31)

and this equation can be differentiated to arrive at a differential equation for z(θ ). An
initial condition can be found by solving the above nonlinear equation just once.

In Figure 5 and zoomed in near the singularities in Figure 6, we see that, as stated
above, we must use the costly series (21) near the top singularity at z = −1 + iπ (in the
region marked “B” in Figure 6), and similarly use (23) in the symmetric lower region.
We must use the series (24) between the lines of discontinuity, out near z = −∞. The
asymptotic series is accurate everywhere outside the lines of discontinuity, capped by
the short curves near the “mouth” of the lines of discontinuity. A small region not
covered by any of these series remains to be dealt with: the Taylor series at z = 1
does so.

Because the 4-bit coverage of the initial approximations overlaps, we have consid-
erable freedom to move the boundaries of the regions that we use. We chose to use
rectangular regions for all but the regular point series, and let the asymptotic series
take the remaining large-z region, as in Figure 7. As expected, we found that about
5 terms of each of the series approximations were sufficient for each of the iterative
methods to converge to machine precision in 2 iterations. The initial approximations
and regions can be changed fairly freely, without consequence; but we were unable to
find an arrangement that was significantly cheaper while still maintaining full double-
precision accuracy after 2 iterations.

The region between the lines of discontinuity is best approximated by the series
about z = −∞. The accuracy of this series begins to degrade around z = −2 + it for
−π < t ≤ π . The maximum absolute error is 9.43 · 10−5 obtained at z = −2 + iπ .

Around the singularities at z = −1 ± iπ we use the branch point series. The bounds
for this region are −2 < Re(z) ≤ 1 and ±1 < Im(z) ≤ ±2π for the upper and lower
branch points respectively. The maximum absolute error on this region is 1.97 · 10−2

obtained at z = 1 + i.
From between the singularities for −2 < Re(z) to the edge of the semicircle centred

at z = 1 with radius π we use the Taylor series at z = 1. The maximum absolute error
is 4.44 · 10−2 and occurs on the semicircle at z = 1 + πi.
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Fig. 5. Coverage by initial approximations: the asymptotic series covers—that is, is accurate to d0 = 4
bits—everywhere except between the lines of discontinuity and a little past; the branch point series cover
huge regions outside the lines of discontinuity (inside the large arcs seen here) and smaller regions inside,
near the singularities at −1 ± iπ ; the series using exp(z) works for almost all the region between the lines of
discontinuity, almost to Re(z) = −1; and a regular point expansion at z = 1 covers the remaining small patch
of C not covered so far.

6. REGULARIZATION NEAR THE DISCONTINUITIES

The key to successful computation with Wright ω is how the discontinuities are dealt
with. To do this, an iterative scheme must be devised that does not accidentally cross a
discontinuity. We must also deal with the fact that the lines of discontinuity have tran-
scendental imaginary part, and hence cannot be represented in f loating-point arith-
metic. Is a given input z on the discontinuity, above it, or below it?

To deal with the second issue, we make a pragmatic declaration. If the imaginary
part of z is bitwise identical with the machine representation of π , and Re(z) ≤ −1,
then we declare that z is on the top line of discontinuity. Since the domain of Wright ω
is closed on the lines of discontinuity from below, this means that we must use a start-
ing guess appropriate to the region between the lines of discontinuity: starting with
ω(z) ≈ exp(z), say, and iterating to a value something like W0(exp(z)).

If, on the other hand, the imaginary part of z is bitwise identical with the machine
representation of −π , and Re(z) ≤ −1, then we declare that z is on the bottom line of
discontinuity. The starting guess and iterations should lead to a value something like
W−1(exp(z)).

But how can we ensure that rounding errors do not push us over the discontinuity
during iteration? One answer is to regularize the problem. The equation y + ln y = z
is not the only equation solved by ω(z). If we think about putting λ = −y, then on both
lines of discontinuity λ > 0: in the one case, λ = −W0(exp(z)) = −W0(− exp(t)) and in
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Fig. 6. Zoomed in near the top singularity: the region marked “B” is covered only by the branch point series;
the region marked “Z” is covered only by the series at Re(z) = −∞; and the series marked “R” is covered only
by the regular point series at z = 1. Other regions are covered by multiple approximations.

the other λ = −W−1(exp(z)) = −W−1(− exp(t)). Hence y + ln y = −λ + ln(−λ) and this can
be replaced with

y + ln y = −λ + ln λ ± iπ , (32)

depending. If z is above the top line of discontinuity, we wish to use the + sign in the
preceding equation. This gives

−λ + ln λ = z − iπ, (33)

where now the subtraction must take place rounding upward, towards +i∞.
If instead z is on or just below the top line of discontinuity, we wish again to use the

+ sign in the equation, but now when we do the subtraction z − iπ we wish to round
downward towards −i∞.

If instead z is just above the bottom line of discontinuity, we wish to use the − sign
in (32), and set the rounding mode towards +i∞ when computing z + iπ ; finally, if z
is on or just below the bottom line of discontinuity, we set the rounding mode towards
−i∞ when computing z + iπ .

We are left at the end with the equation

−λ + ln λ = ζ , (34)

which we wish to solve near the positive axis λ > 0, at which this function is contin-
uous. The inner edges of the discontinuities have been mapped to the top and bottom
of the positive real axis between 0 and 1 in the λ plane; the outer edges of the dis-
continuities have been mapped to the top and bottom of the positive real λ axis with
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Fig. 7. Regions of approximation. See Algorithm 7.1 for key.

λ > 1. All of the iterative schemes so far proposed work perfectly well, mutatis mutan-
dis: this equation differs only in one sign than the one we solve away from the lines of
discontinuity. At the end, we take ω(z) = −λ.

Our code surrounds the lines of discontinuity with rectangles of width 0.01, which
if z lies inside the rectangle we perform a regularization before computing ω(z).

7. SUMMARY OF ALGORITHM AND RESULTS

7.1 Algorithm

Remark. At most two iterations are needed, whatever iterative scheme is used with
these initial approximations. However, there are large regions in the complex plane
where the FSC method takes only a single iteration while any other method (of the
ones we studied) takes two, leading to a difference in performance.

7.2 Implementation Timings

For each of the iterative methods investigated, the implementation was timed for the
evaluation of the Wright ω function on 20, 000, 000 pseudorandom points on the square
[−18, 18] × [−18, 18] in the complex plane. This is also compared to the complex log-
arithm to give a standardized benchmark to compare each method against. These
results are summarized in Table II.

8. ERROR RESULTS

The maximum residuals and relative error for each iteration are presented in Table III.
The points that were evaluated were those along the boundary of each region shown
in Figure 7. The algorithm was implemented in both double and long double precision,
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ALGORITHM
Input: D̄ouble p̄recision complex z = x + iy.
Output: Double precision complex ω(z).
Begin:
Initial approximation. Each series is evaluated as previously displayed.

Region 1: −2 < x ≤ 1, 1 < y < 2π .
Evaluate (21)

Region 2: −2 < x ≤ 1, −2π < y < −1.
Evaluate (23)

Region 3: x ≤ −2, −π < y ≤ π .
Evaluate (24)

Region 4: ( −2 < x ≤ 1, −1 ≤ y ≤ 1) or ( −1 < x, (x − 1)2 + y2 ≤ π2).
Evaluate (12)

Region 5: x ≤ −2, π < y, y − π ≤ − 3
4 (x + 1).

Set t = z − iπ and evaluate (27)
Region 6: x ≤ −2, y ≤ −π , y + π ≥ 3

4 (x + 1).
Set t = z + iπ and evaluate (27)

Region 7: Everywhere else.
Evaluate (25)

Check for regularization.
If x ≤ −0.99 and (|y − π | ≤ 0.01 or |y + π | ≤ 0.01)

Set s = −1 and iterate for sω, else set s = 1.
One iterative improvement.

Use FSC-type iteration, namely (15) with N = 3.
Test residual.

Use (19).
Second iterative improvement.

Only performed if error greater than machine epsilon.
Return: ω

Table II. Timing Results

Method Time taken (s) Ratio to complex logarithm
Complex Logarithm 3.25 1

Newton 15.91 4.90
Halley 15.84 4.88
FSC 14.37 4.42

with the relative error being calculated as the relative difference between the output
of the algorithm in each precision.

Along each section of each boundary 1, 000 equispaced points were used to evalu-
ate the Wright ω function, with the interior and exterior of regions 3, 5 and 6 being
exponentially distributed with a minimum real part of −516.

9. CONCLUDING REMARKS

We have presented several schemes to evaluate the discontinuous Wright ω function
over the entire complex plane. All the schemes are accurate to within 2 ulps of rela-
tive precision, except for large negative Re(z) between the lines of discontinuity, when
underflow prevents perfect relative accuracy. There, for Re(z) ≤ −750 or so, Wright ω
underflows to zero, which is as accurate in that region as IEEE double-precision float-
ing point permits.
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Table III. Maximum Residuals and Relative Error for Each Region

Region r0 r1 r2
|wquad−wdouble|

|wquad|

1 1.27 × 10−1 2.35 × 10−4 9.84 × 10−16 4.17 × 10−16

2 1.27 × 10−1 2.35 × 10−4 9.84 × 10−16 4.17 × 10−16

3 5.00 × 10−4 1.78 × 10−4 6.47 × 10−17 1.55 × 10−16

4 1.24 × 10−1 2.99 × 10−4 9.80 × 10−16 3.37 × 10−16

5 1.53 × 10−2 1.49 × 10−3 7.86 × 10−14 3.08 × 10−16

6 1.53 × 10−2 1.49 × 10−3 7.86 × 10−14 3.08 × 10−16

7 6.03 × 10−2 1.45 × 10−3 9.60 × 10−16 3.17 × 10−16

Note: 4.17 × 10−16 is 1.88 times machine epsilon.

The schemes vary slightly in efficiency. For all z, our initial guesses and regions
were chosen well enough that at most two iterations were required for full accuracy
(even for Newton’s method). However, the regions of the complex plane for which only
one iteration was needed are larger for the higher-order methods, and hence they are
slightly more efficient. Because these methods are near-optimal according to the work
of Kung and Traub 1976; 1974, the variation in actual efficiency is not much. However,
on that measure the fourth-order FSC method becomes the method of choice. The cost
per evaluation is approximately 4.4 times the cost of evaluating a complex logarithm.

What we have termed “initial guesses” in this work may equally well be termed “one
iteration of a high-order formula starting from the much cruder initial guesses” given
by just the essential terms of the developments around the singular points z = −1± iπ ,
z = −∞+ iθ , and z = ∞, plus one regular point. In this point of view, we advocate using
formulas of mixed order, 6 and 4 with a final iteration of order 4 if necessary.

It is important to recognize that there are many choices that one could make and
remain near to the “optimal” method. We do not claim that the choices we have made
here are “optimal”, but rather point out that the gains to be made by using an “optimal”
method instead of any of the ones presented here would be minimal.

The most important point addressed in this paper is the regularization near the dis-
continuity, and the aggressive declaration that Im(z) = π if the floating-point represen-
tation of z has imaginary part exactly equal to the compiler-dependent floating-point
representation of π .
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EZQUERRO, J. AND HERNÁNDEZ, M. 2009. An optimization of Chebyshev’s method. J. Complex. 25,
343–361.

FRITSCH, F. N., SHAFER, R. E., AND CROWLEY, W. P. 1973. Solution of the transcendental equation
wew = x. Comm. ACM 16, 2, 123–124.

GRAHAM, R. L., KNUTH, D. E., AND PATASHNIK, O. 1994. Concrete Mathematics. Addison-Wesley, Boston,
MA.

KUNG, H. T. AND TRAUB, J. F. 1974. Optimal order of one-point and multipoint iteration. J. ACM 21, 4,
643–651.

KUNG, H. T. AND TRAUB, J. F. 1976. Optimal order and efficiency for iterations with two evaluations. SIAM
J. Numer. Anal. 13, 1, 84–99.
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